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1 Introduction 



The set of quantum states - density operators in a separable Hilbert space 
- plays the central role in analysis of general infinite dimensional quantum 
systems. One of the technical problems in this analysis is related to noncom- 
pactness of the set of quantum states and nonexistence of inner points of this 
set considered as a closed convex subset of the separable Banach space of 
all trace-class operators. Another technical problem consists in discontinuity 
and unboundedness of basic characteristics of quantum states such as the 
von Neumann entropy, the relative entropy, etc. The above problems can 
be partially overcome by using two special properties of the set of quantum 
states considered in detail in the first part of [27]. The first of them can be 
considered as a kind of "weak compactness" since it provides generalization 
to the set of quantum states of several results well known for compact convex 
sets (see section 2) while the second one called the stability property reveals 
the special relation between the topology and the convex structure of the 
set of quantum states (see subsection 3.1). These two properties provide the 
foundation of analysis of continuity of several important characteristics of 
quantum systems and quantum channels (see [27j and the reference therein). 

In this paper we prove a stronger version of the stability property of 
the set of quantum states naturally called strong stability and consider its 
applications concerning the problem of approximation of concave (convex) 
functions on the set of quantum states and providing the new approach to 
analysis of continuity of such functions. 

The main application of the strong stability property considered in this 
paper is the development of a method of proving continuity of the von Neu- 
mann entropy. In infinite dimensions the von Neumann entropy is a non- 
negative concave lower semicontinuous function on the set of quantum states 
taking the value -|-cxo on a dense subset of this setJl] Nevertheless the von Neu- 
mann entropy has continuous bounded restrictions to some important subsets 
of quantum states, for example, to the set of states of the system of quantum 
oscillators with bounded mean energy. Since continuity of the entropy is 
a very desirable property in analysis of quantum systems, various sufficient 
continuity conditions have been obtained up to now. The earliest among 
them seems to be Simon's dominated convergence theorems presented in [28] 

"'^ Moreover, the set of states with finite entropy is a first category subset of the set of 
all quantum states [5T] . 
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and widely used in applications (the generalized forms of these theorems are 
presented in corollary Hj) . Another useful continuity condition originally ap- 
peared in [31] (as far as I know) and can be formulated as continuity of the 
entropy on each subset of states characterized by bounded mean value of a 
given positive unbounded operator with discrete spectrum provided that its 
sequence of eigenvalues has a sufficient rate of increase (see example [T]). Some 
special conditions of continuity of the von Neumann entropy are considered 
in [26] . It turns out that the strong stability property of the set of quantum 
states (more precisely, the approximation technique based on this property) 
provides a new method of proving continuity of the von Neumann entropy 
on a set of quantum states based on the established relation between this 
property and the special uniform approximation property of this set defined 
via the relative entropy. Well known results concerning the relative entropy 
make it possible to show conservation of the uniform approximation property 
under different set-operations, which implies roughly speaking "preservation 
of continuity" of the entropy under these set-operations. 

The proposed method makes possible to re-derive the known conditions 
of continuity of the von Neumann entropy mentioned above (in the more 
general forms) and to obtain the several new (as far as I know) conditions 
which seems to be useful in analysis of quantum systems. 

2 Preliminaries 

Let Hhe a separable Hilbert space, 03 (7i) - the Banach space of all bounded 
operators in 7i with the operator norm || ■ ||, 2^(7i) - the Banach space of 
all trace-class operators in 7i with the trace norm || ■ ||i, containing the cone 
1+(H) of all positive trace-class operators. The closed convex subsets 

1^{n) = {Ae I TiA < 1} and &{H) = {A e "l+iH) \ liA = 1} 

are complete separable metric spaces with the metric defined by the trace 
norm. Operators in (3(7i) are denoted p,a,u, ... and called density operators 
or states since each density operator uniquely defines a normal state on ?B(7i). 

In what follows ^ is a subset of the cone of positive trace-class operators. 

We denote by cl(^), co(^), a-co{A), co(^) and extr(^) the closure, the 
convex hull, the cr-convex hull, the convex closure and the set of all extreme 
points of a set A correspondingly [131 El] • 
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In what follows we consider functions on subsets of X+(?i) taking values 
in [—00, +00], which are semihounded (either lower or upper bounded) on 
these subsets. 

We denote by cof and co/ the convex hull and the convex closure of a 
function / on a convex set A [131 121] ■ 

The set of all bounded continuous functions on a set A is denoted C{A). 

The set of all Borel probability measures on a closed set A endowed 
with the topology of weak convergence is denoted V{A). This set can be 
considered as a complete separable metric space [20]. The barycenter b(/i) 
of the measure /x in Vl^A) is the operator in co(v4) defined by the Bochner 
integral^ 

b(/i) = / Afi{dA). 

J A 

For arbitrary subset B C co(^) let Vb{A) be the subset of V{A) con- 
sisting of all measures with barycenter in B. 

Let V^{A) be the subset of V{A) consisting of atomic measures and let 
V^{A) be the subset of V^{A) consisting of measures with a finite number 
of atoms. Each measure in V^{A) corresponds to a collection of operators 
{Ai} C A with probability distribution {vTj} conventionally called an en- 
semble and denoted {ni,Ai}. The barycenter of this measure is the average 

TTiAi of the corresponding ensemble. 

We use the following two strengthened versions of the well known notion 
of a concave function. 

A semibounded function / on the set ©(7i) is called (J- coTicdve at a state 
Po £ ®('^) if the discrete Jensen's inequality 

/(po) > ^^-^ifipi) 

i 

holds for an arbitrary countable ensemble {7fi,Pi} of states in with the 

average state po. 

A semibounded universally measura bid function / on the set ©(7i) is 
called fi-concave at a state po G ^i'H) if the integral Jensen's inequality 

/(po) > / /(p)p(cip) 
J&in) 

^This integral always exists if the set A is bounded. 

•^This means that the function / is measurable with respect to any measure in V {&{?{))■ 
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holds for an arbitrary measure /i in P(©(7i)) with the barycenter po- 

a- convexity and fi- convexity of a function / are naturally defined via the 
above notions applied to the function — /. 

The examples of semibounded functions (in particular, Borel function^) 
on the set G(7i), which are convex but not a-convex or a-convex but not 
/i-convex at particular states as well as sufficient conditions for cr-convexity 
and /i-convexity of a convex function at any state are considered in [27] . 

The identity operator in a Hilbert space 7i and the identity transforma- 
tion of the space X(7i) are denoted In and Id-^ correspondingly. 

Following [12] an arbitrary positive unbounded operator in a Hilbert space 
with discrete spectrum of finite multiplicity is called S^- operator. 

The set &(H) is not compact if dimH = +00, but it has the property 
consisting in compactness of the pre-image b~^(^) C P((5(7i)) of any com- 
pact subset A of ©(H) under the map /x 1— *• b(/i) [121 Proposition 2], which 
can be used for proving for the set &{Ti.) and for its subsets several results 
well known for compact sets. This property (in the general context of a 
metrizable convex subset of a locally convex space) is studied in detail in 
|21|, where it is called fi- compactness. It implies in particular the following 
Choquet-type assertion and the lemma below. 

Lemma 1. Let A be a closed subset of (3(7i). For an arbitrary state p 
in co(^) there exists a measure fi in V{A) such that b(/i) = p. 

Proof. Let po ^ co(^) and {p„} C co(^) be a sequence converging 
to the state po. For each n G N there exists a measure p„ G V{A) with 
finite support such that p„ = b(p„). By p-compactness of the set ©(Ti) 
the sequence {p„} has a partial limit po G Vi^A). Continuity of the map 
p (— > b(p) implies b(po) = po- D 

Lemma [T] provides correctness of the definition of the functions in the 
following lemma, proved in the Appendix. 

Lemma 2. Let f be a lower semicontinuous lower bounded function on 
a closed subset A of &(H). 

A) The function 



Hi dimTi < +00 then arbitrary convex Borel function on the set &(H) with the range 
[—00, +00] is cr-convex and /i-convex at any state j^. 
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is convex and lower semicontinuous on the set co(^). For arbitrary p in 
co(^) the infimum in the definition of the value JaIp) is achieved at a par- 
ticular measure in V{p} [A) . 

B) // the map V{A) 3 ^ b{p) G co(^) is open then the function 
f^ip) = sup / f{a)p{da) 

is concave and lower semicontinuous on the set co(^). 

For given natural k we denote by T^(7i) (correspondingly by QkiTi.)) 
the set of positive trace-class operators (correspondingly states) having rank 
< k. The convex set IJfc=i ^kij^) of all finite rank states is denoted ©f(?i). 

A linear positive trace-nonincreasing map $ : T(7^) '^{'H) such that 
the dual map $* : 03 (7i) — > 'i8(TC) is completely positive is called a quantum 
operation [TT]. The convex set of all quantum operations from T(H) to itself 
is denoted d<i{TC). If a quantum operation $ is trace-preserving then it is 
called a quantum channel. 

Arbitrary quantum operation (correspondingly channel) $ G S^<i(7i) has 
the following Kraus representation 

+00 

where {Vj}j^^ is a set of operators in 53 (H) such that Xlj!^ ^/^j < 
(correspondingly Y^^^i V*Vj = In)- 

For given natural n we denote by '^'^^iJ-L) the subset of 5^<i(7Y) consisting 
of quantum operations having the Kraus representation with < n nonzero 
summands. 

We will use the following result of the purification theory|§ 

Lemma 3. Let Ti and K, he Hilbert spaces such that dimTi = dim AT. 

For an arbitrary pure state Uq in 6(7Y® /C) and an arbitrary sequence 

'^The assertion of the below lemma can be proved by noting that the infimum in the 
definition of the Bures distance (or the supremum in the definition of the Uhlmann fidelity) 
between two quantum states can be taken only over all purifications of one state with fixed 
purification of the another state and that convergence of a sequence of states in the trace 
norm distance implies its convergence in the Bures distance |f 0[ 115] . 
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of states in converging to the state po = Trx;C(Jo there exists a se- 

quence {uJn} of pure states in &(H®}C) converging to the state Uq such that 
pn = Tr/c^n for all n. 

Let be the set of all probability distributions with n < +00 outcomes 
endowed with the total variation topology. 

Note: In what follows continuity of a function / on a set ^ C 
implies its finiteness on this set (in contrast to lower (upper) semicontinuity) . 

3 The strong stability property of 
3.1 The definition 

The notion of stability of a convex subset of a linear topological space ap- 
peared at the end of the 1970's as a result of study of the properties of com- 
pact convex sets, which led in particular to proving equivalence of continuity 
of the convex envelop^ of arbitrary continuous function (the CE- property) , 
openness of the mixture map and openness of the barycenter map for given 
compact convex set (the Vesterstrom-O'Brien theorem |4j). In the subsequent 
papers (see [9|, [19] and the reference therein) the term stability was used to 
denote openness of the mixture map for arbitrary convex subset of a linear 
topological space (which is not equivalent in general to the CE-property) . 

The stability property of the set &{Ti.) of quantum states and its corollar- 
ies are considered in detail in |27|. It consists in the validity of the following 
equivalenl0 statements: 

• the map e(7^)^^ X [0,1] 9 (p,a,A) Ap + (1 - A)ct G 6(7^) is open; 

• the map P(6(H)) 9 p ^ b(p) G &{n) is open; 

• the map 'P(extr6(7i)) 9 p 1-^ b(p) G 6(7i) is open; 

• cof = co/ G C{&{n)) for arbitrary / G C(6(7^)); 

• f^ = /M (z C{&{n)) for arbitrary / G C(extr6(7i)), where and 

are the a-convex roof and the p-convex roof of the function / |27j . 

^the convex hull in our notations. 

^Equivalence of these statements follows from the /i-compact generalization of the 
Vesterstrom-O'Brien theorem [211 theorem 1]. 



7 



Physically openness of the map V{&(TC)) 3 ^ ^ b(/i) G (corre- 
spondingly of the map P(extr6(7-^)) 3 /i t-^ b(|U) G ©(H)) means roughly 
speaking that any small perturbation of the average state of a given contin- 
uous ensemble of states (correspondingly of pure states) can be realized by 
appropriate small perturbations of the states of this ensemble. 

It turns out that the stability property of the set ©(?i) can be strength- 
ened by showing that any small perturbation of the average state of a given 
(countable or continuous) ensemble of finite rank states can be realized by 
appropriate small perturbations of the states of this ensemble without in- 
creasing of the maximal rank of these states. Mathematically this strong 
stability property of the set is formulated in the following theorem. 

Theorem 1. The surjective maps V^&kiTi-)) 3 ji ^ b{iL) G &{'H) and 
V^{&kiT^)) 3 /i 6(/i) G &{Ti-) are open for each natural kU 

As mentioned before the assertion of theorem [T] for A; = 1 is equivalent 
to openness of the map V {&{!-[)) 9 yU b(/i) G &{7i). The proof of this 
equivalence is based on coincidence of the set ©i(7i) with the set extr(5(H) 
and is universal in the sense that it is valid for arbitrary compact or /i-com- 
pact convex set in the role of ©(?i) [H |2T]. In contrast to this in the proof 
of the assertion of theorem [T] for k > 1 the specific structure of the set ©(H) 
is essentially used. 

The basic ingredients of the proof of the above theorem are the following 
lemma and lemma E] below. 

Lemma 4. Let {vr?,p°} he a countable ensemble of states in (SkiTi.) 
with the average po = Ylt^'^iPi- ^^r an arbitrary sequence {pn} C ©(7-^) 
converging to the state po there exists a sequence {{7r",p"}}„ of countable 
ensembles of states in ©fc(7i) such that 



lim K = '^i, >0 lim pr = Pi, Vi, and p„ = > vrfp^, Vn. 



The assertion of this lemma implies weak convergence of the sequence 
{{tt", of atomic measures to the atomic measure {7r°,p°}, t.i. conver- 



gence in Vi&kCH)), which means that lim„^+oo Xli = Y.i'^ifiP^i) 



for any function / in C(©fc(7f)). This relation can be easily proved by not- 
^&kin) = {p e 6{n) I rankp < k}, see section 2. 




i=l 
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ing that pointwise convergence of the sequence {{vr"}}n to the probabihty 
distribution {vr^} imphes its convergence in the norm of total variation. 

Proof of lemma [H. For each i let \ipi) be a unit vector in (5(H ® Ti-k) 
such that TT'Hf,\ipi) {ipi\ = p^, where Tik is an auxiliary fc-dimensional Hilbert 
space. Let {|ei)}^ be an orthonormal basis in a separable Hilbert space H'. 
Consider the unit vector Ii/jq) = V^lv'j)® kj) iii the space H0Hk'S>H' . 

It is easy to see that Tr-j-Ci^igjT-iilipQ) {i/jqI = po- By lemma [3] there exists sequence 
{iV'n)} of unit vectors in H^Hk ®7i' converging to the vector such that 
Tr-Hfc®w'lV'n)(V'n| = Pn for each n. 

Let {Ei = It-i® I-h^ <S) |ej)(ej|}^ be the local measurement in the space 



T-L ® Tik ® v.' [llj. Since -Ei|^/'o) = Iv^j) ® for each i we have 



7r° = TrEi|?/'o)(V'o| and 7r°p° = T:iUk®H'Ei\'ilJo){ilJo\Ei. Let vrf = TrEi|?/'n) (V'^ 



Then rankp" < k for all n and i. The sequence of ensembles {vrj^, pj*} has the 
required properties. □ 

Remark 1. It is interesting to compare the above lemma with the 
lemma 3 in [25] containing the analogous assertion concerning finite ensem- 
bles with no rank restriction on states of ensembles. The case of finite en- 
semble {7r°,p°}^^ is naturally embedded in the condition of lemma H] by 
setting 7r° = for all i > m but this lemma does not guarantee that the 
sequence {{t^i , Pi}}n consists of ensembles of m states in contrast to the 
assertion of lemma 3 in [25]. Increasing dimensionality of ensembles of the 
sequence {{vr", p"}}n is the cost of the rank restriction on the states of these 
ensembles. □ 

For arbitrary state p in 6(7i) the set V^p^^&iji-)) is a dense subset of 
P{p}(6(7i)) p21 lemma 1]. This simple result can be strengthened as follows. 

Lemma 5. For arbitrary state p in ©(7^) and A; G N the setV^p^{&k{T^)) 
is a dense subset of V{p]{&kO^)) ■ 

This means that any probability measure supported by the set of states of 
rank < k can be weakly approximated by some sequence of atomic measures 
- countable ensembles of states of rank < k with the same barycenter. 

Proof. To prove the assertion of the lemma for k = 1 consider the 




and 




■Hk»'H'Ei\i'n){i'n\Ei, Vrf > 

< = 0. 
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Choquet ordering on the set V{&(TC)). We say that fi y u ii and only if 



fi^)f^{da) > / fia)u{da) 

6(H) JeCH) 

for arbitrary convex continuous bounded function / on the set ©(H) |7]. 

By lemma 1 in [T^j for given measure fiQ in P((5i(7i)) there exists a 
sequence {fin} of measures in V{&{7i)) with finite support converging to the 
measure /xq such that b(/i„) = b(/io) for all n. Decomposing each atom of the 
measure fin into convex combination of pure states we obtain the measure 
fin in V^i&ii'H)) with the same barycenter. It is easy to see that /i„ >- fin- 
By /i-compactness of the set the set {/i„}„>o is a relatively compact. 
This imphes existence of subsequence {/i„j.} converging to a measure {fio} 
in V{&i{T-C)) [201 theorem 6.1]. Since fin,, >- fin^ for all fc, the definition of 
the weak convergence implies fiQ >- /io and hence fio = fiQ by maximality of 
the measure /io with respect to the Choquet ordering [33]. Density of the set 
Pl^i&iin)) in V^,}i&iin)) is proved. 

Let k > 1 and Tik be the /c-dimensional Hilbert space. Let LI be the multi- 
valued map from ©^(Ti) into the set 2®!*^'^'^^'=) such that n(p) is the set of 
all purifications in &i{H ® Tik) of the state p G Qki'H). It is clear that the 
map n is closed- valued. Thus by theorem 3.1 in [30] to prove existence of a 
measurable selection of the map 11 it is sufficient to show weak measurability 
of this map in terms of [30] • Let U be an open subset of &i(TC Tifc). Then 
n-(f/) = {pe &kin) I n(p) n f/ 0} = e(f/), where e(-) = Tr^^^(-) is the 
affine (single valued) map from QiH^TCk) onto SkiTi.). Since the restriction 
of the map 6 to the set ©i(7Y®?^fc) is openj^the set n^(f/) = 0(f/) is open 
and hence Borel. As mentioned before this implies existence of a measurable 
selection 11^, of the map 

Let 1^0 = Pqo be the image of the measure po under the map 11*. It 
is clear that uq G V{&i(H ® Ti-k))- By the assertion of the lemma for A; = 1 
there exists sequence {un} of measures in V^{&i{7i®7ik)) converging to the 
measure z/q such that b(z/„) = b(z/o) for all n. Since o 11* = Mt^ the image 



^This means that for arbitrary state € &i{H ® Hk) and sequence C Qki'H) 

converging to the state po = ©('^o) there exist a subsequence {pnu} ^'^'^ ^ sequence 
{iOk} C &i{H(^ Tik) converging to the state ujq such that 6(wfc) = for aU k. The last 
property can be verified by using the standard arguments of the purification theory. 

We use this tedious argumentation since dim Tik < dim Ti and hence we can not refer 
to the general results of the purification theory. 
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uq o (d~^ of the measure z/q under the map B coincides with /iq. This and 
continuity of the map B imply convergence of the sequence = i/„oB~^} 
of measures in V^{&k{'H)) to the measure fiQ. Since the map B is affine we 
have 

b(/i„) = B(b(z/„)) = 0(b(z^o)) = b(/io) 
for all n. Thus the sequence {/in} has the required properties. □ 

Proof of theorem [H By lemma it is sufficient to prove openness of 
the surjective map V^{&kO^)) 9 /i * G ©(7i) for each natural k. 

Let U be an arbitrary open subset of V^{&kO^))- Suppose h{U) is not 
open in &{!-[). Then there exist a state po ^ b(f/) and a sequence {p„} of 
states in ©(?^) \ b(f/) converging to the state po- 

Let Po = {^i'jPi} be a measure in U such that b(po) = po- By lemma H] 
(and the remark after it) there exists a sequence of measures p„ = {vr",p"} 
in V^^&kiTi-)) converging to the measure po = {^i'lPi'} such that b(pn) = p^ 
for all n. Openness of the set U implies fin ^ U for all sufficiently large n 
contradicting to the choice of the sequence {p„}.n 

3.2 Some implications 

In the case dim?-^ < +oo the convex (concave) roof extension to the set 
&(H) of a function / on the set of pure states &i(TC) = extr6(7i) is de- 
fined at a mixed state p as the minimal (maximal) value of 'Ylii'^ifiPi) o^^r 
all decompositions p = vTjpj of this state into finite convex combination 
of pure states [22]. This extension is widely used in quantum information 
theory, in particular, in construction of entanglement monotones [22]. The 
convex (concave) roof extension has the two natural generalizations to the 
case dim?i = +oo called in |27j the cr-convex (concave) roof and the p-convex 
(concave) roof correspondingly (the first extension is defined via all decom- 
positions of a state into countable convex combination of pure states while 
the second one - via all "continuous" decompositions corresponding to Borel 
probability measures on the set of pure states with given barycenter). 

Generalizing the a-concave roof construction, for given natural k and 
semibounded function / on the set consider the function 

&{n)3 rM= sup Y.'^ifiPi) 
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(the supremum is over all decompositions of the state p into countable convex 
combination of states of rank < k). This function is obviously a-concave on 
the set (see section 2). If the function / is a-concave at any state in 

Qki'H) then the functions and / coincide on the set ©^(Ti), so in this 
case the function can be considered as an extension of the function / to 
the set &{n). 

Generalizing the /i-concave roof construction, for given natural k and 
semibounded Borel function / on the set &k{'H) consider the function 

e(7^)^pH^/^p)= sup / ficj)fx{da) 

(the supremum is over all probability measures with the barycenter p sup- 
ported by states of rank < k). This function is also obviously a-concave on 
the set ©(7i) but its p-concavity depends on the question of its universal 
measurabilityl"] By propositions [1] and [2] below the function is /i-concave 
on the set 6(H) if the function / is either lower bounded lower semicon- 
tinuous or upper bounded upper semicontinuous on the set (3^(7^). If the 
function / is /i-concave at any state in SkiTi-) then the functions and / 
coincide on the set ©^(Ti), so in this case the function fj! can be considered 
as an extension of the function / to the set &(TC). 

The strong stability property of the set &(Ti.) stated in theorem [T] and 
lemma [5] imply the following result. 

Proposition 1. Let f be a lower semicontinuous lower bounded function 
on the set &k{Ti.). Then = fj! and this function is lower semicontinuous 
and p-concave on the set &(Ti.). 

Proof. Coincidence of the functions and follows from lower semi- 
continuity of the functional V^SkiTi-)) 3 p ^ f&k{H) /(^)p('^'^) (proved by 
the standard argumentation) and lemma [51 Theorem [1] and lemma [2] imply 
lower semi continuity of the lower bounded function = which guaran- 
tees its yU-concavity (by proposition A-2 in the Appendix in [27j). □ 

The /i-compactness property of the set &(H) (described before lemma [T]) 
implies the following result. 

""^""^By using the results in [55] it can be proved for bounded function /. 
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Proposition 2. Let f be an upper semicontinuous upper bounded func- 
tion on the set (5fc(?i). Then the function fj! is upper semicontinuous and 
fi-concave on the set &{TC). 

For arbitrary state p in & {H) the supremum in the definition of the value 
fkip) ^■^ achieved at some measure in V{p}{&k{'H)) . 

Proof. Lemma [2] implies attainability of the supremum in the defini- 
tion of the value /^(p) and upper semicontinuity of the function which 
guarantees its //-concavity (by proposition A-2 in the Appendix in [27]). □ 

Under the condition of proposition [2] we can say nothing about upper 
semicontinuity and /i-concavity of the function (see example 2 in [27]). 

The above two propositions have the obvious corollary. 

Corollary 1. Let f be a continuous bounded function on the set ©^(Ti). 

Then f^ = fj! and this function is continuous on the set &{1-C). 

4 On approximation of concave (convex) 
functions on ©(7i) 

The functional constructions considered in subsection 3.2 can be used in 
study of the following approximation problem: for given concave (convex) 
function / on the set &(Ti.) having some particular symmetr}@ to find a 
monotonic sequence {fk} of concave (convex) functions on the set 
having the same symmetry, satisfying additional analytical requirements and 
such that 

/fc|6fc(H) = /|6fc(H), VA;, and lim /^(p) = /(p), Vp G G{H). 

fe— + + 

Let / be a function on the set ©(7i) having semibounded restriction to the 
set (3fc(H) for each k. We can consider the nondecreasing sequence {/^ } of 
concave functions on the set GiTi) and its pointwise limit f'!_^ = sup^ fjl. If 
the restriction of the function / to the set ©^(TY) is universally measurable 
for each k then we can also consider the nondecreasing sequence {/^} of 
concave functions on the set QiH) and its pointwise limit f^^ = sup;. 

^^This means that the function / is invariant with respect to the particular family of 
symmetries of the set 6 (Ti) . 
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By construction all the functions in the sequences {/^} and {/^} inherit 
the arbitrary symmetry of the function /. Hence the same assertion holds 
for the functions f"^ and /+oo- 

The functions f"^ and /^o^ ^-^^ concave on the set 6(K). By construction 

f+oo < /+00 and fledH) < /^oolsf(w) ((5f(^) is the convex subset of 6(H) 
consisting of finite rank states). If the function / is cr-concave on the set 
6(7Y) then < f, if the function / is /i-concave on the set QiH) then 
/+00 ^ /• To show coincidence of the functions and with the 
function / additional conditions are required. 

Proposition 3. Let f be a concave lower semicontinuous lower bounded 
function on the set 6(7i), having some particular symmetry. 

A) For each natural k the concave lower semicontinuous function f^ = 
has the same symmetry and coincides with the function f on the set ©^(H). 
The pointwise limit f^^ = of the monotonic sequence {fjl = /^} coin- 
cides with the function f on the set (5(H). 

B) // the function f has continuous restriction to the set ©^(H) for 
each natural k then the sequence {/^ = /^} consists of concave continu- 
ous bounded functions on the set &{7i). 

Proof. By proposition [D = and this function is lower semicon- 
tinuous for each k. This implies f^^ = f^^ and lower semicontinuity of 
the last function. Since the function / is /i-concave by proposition A-2 in 
the Appendix in [27j, the first assertion of the proposition follows from the 
previous observations and lemma [H] below. 

The second assertion of the proposition follows from corollary [1] since it 
is easy to see that continuity of the restrictions of the concave function / to 
the set Gki'H) for all k implies boundedness of these restrictions. □ 

Lemma 6. A lower semicontinuous lower bounded concave function f 
on the set &{'H) is uniquely determined by its restriction to the set 
of finite rank states. 

Proof. It is sufficient to consider the case of a nonnegative function /. 

Let po be an arbitrary state and let {p„ = (TiPnPo)^^ PnPo} be the se- 
quence of finite rank states converging to the state po, where {Pn} is the 
sequence of finite rank spectral projectors of the state po increasing to the 
identity operator J?^. 

For each n the inequality A„p„ < po with A„ = TrP„po implies decompo- 
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sition po = ^nPn + (1 ~ An)(Tn, where (j„ = (1 — A„)~^(p — A„p„) is a state. 
By concavity and nonnegativity of the function / we have /(po) > A„/(p„) 
for all n, which implies limsup„^_,_oo/(p„) < /(po)- By lower semicontinuity 
of the function / we have lim„^+oo f{pn) = /(po)- D 

Remark 2. The first assertion of proposition [3] can be considered as 
a " constructive form" of lemma [6] since it provides a constructive way of 
restoring a lower semicontinuous lower bounded concave function on the set 
6(7Y) by means of its restriction to the set &{(H). 

Note that the above functions /^^^ and /^o^ can be used in study of the 
following construction problem: for a given concave function defined on the 
convex set (5f(7i) of finite rank states and having some particular analytical 
and symmetry properties to construct its concave extension to the set 
of all states preserving these properties. Since in the proof of proposition 
[3] the restriction of the function / to the set 6f (7i) is only used, it shows 
that for arbitrary concave lower bounded function f on the set G{{Ti.) with 
some particular symmetry such that its restriction to the set GkiTi-) is lower 
semicontinuous for each k there exists a unique concave lower semicontinuous 
extension f^^ = f^^ to the set with the same symmetry. For example, 

if / is an entropy-type (t.i. nonnegative concave lower semicontinuous unitary 
invariant) function defined on the set of finite rank states then f^^ = f^^ 
is its unique entropy-type extension to the set of all states. □ 

The second assertion of proposition [3] and the generalized Dini's lemma0 
imply the following continuity condition. 

Corollary 2. Let f be a concave lower semicontinuous lower bounded 
function on the set &{T-C). 

A) If the function f has continuous restriction to the set Gk{T-C) for each 
k then uniform convergence of the sequence {fjl = /^} on a particular subset 
A C (5(7i) implies continuity of the function f on this subset. 

B) Continuity of the function f on a compact subset A C G{T-C) implies 
uniform convergence of the sequence {/^ = /^} on this subset. 

We will use corollary [2] in the next section to obtain continuity conditions 
for the von Neumann entropy. 

^■^The condition of continuity of the functions of the increasing sequence in the standard 
Dini's lemma can be replaced by the condition of their lower semicontinuity (provided that 
the condition of continuity of the limit function is valid). 
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5 The approximation of the von Neumann 
entropy and the continuity conditions 

The von Neumann entropy H{p) = — Trplog p is a lower semicontinuous con- 
cave unitary invariant function on the set 6(7i) of quantum states with the 
range [0, +cxd], having continuous restriction to the set 6fc(7i) for each k. 
By proposition [3] the function if is a pointwise hmit of the increasing se- 
quence {Hk} of nonnegative concave continuous bounded^ unitary invariant 
functions on the set &(T-C) defined as follows 

Hk{p) = sup y2'^iH{pi) = sup / H{a)iJ,{da), 

(the first supremum is over all decompositions of the state p into countable 
convex combination of states of rank < k while the second one is over all 
probability measures with the barycenter p supported by states of rank < k). 

For each k the function may be called the entropy approximator of 
order k or briefly k- approximator. By construction the von Neumann entropy 
coincides with its /^-approximator on the set ©^(Ti) of all states of rank < k. 
For arbitrary state p G ©(H) the difference Afc(p) = H{p) — Hk{p) between 
the von Neumann entropy and its ^-approximator can be expressed as follows 

Afc(p) = inf y^TTiHip.Wp) = inf [ H{a\\p)fi{da), 

where if(-||-) is the relative entropy [161 EI] (the first equality follows from 
expression (j3]) below, the second one - from proposition 1 in |12j). The 
possibihty to express the value Afc(p) via the relative entropy is essentially 
used in what follows (see lemma [8] below) . 

The representation of the von Neumann entropy as a limit of the in- 
creasing sequence {Hk} of concave continuous bounded unitary invariant 
functions can be used for different purposes, in particular, for construction 
of the increasing sequence of continuous entanglement monotones providing 
approximation of the Entanglement of Formation (see section 6 in [27]). By 
corollary [2] this representation can be used for proving continuity of the von 
Neumann entropy on a subset of states by showing uniform convergence to 
zero of the sequence {A^} on this subset. The last property of a subset of 



*It is easy to see that the range of the function Hk coincides with [O,logfc]. 
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states, in what follows called the uniform approximation property, is consid- 
ered in detail in the next subsection (in the extended context of subsets of 
the positive cone of trace-class operators). 

5.1 The uniform approximation property 

Since in many applications it is necessary to deal with the following exten- 
sions (cf. [H]) 

S{A) = -TrAlogA and H{A) = S{A) - r]{TTA) 

of the von Neumann entropy to the cone T+(7i) of all positive trace-class 
operators (where //(x) = —xlogx), we will obtain the continuity conditions 
for the function A H-i> H{A) on this extended domain. 

In what follows the function A ^-^ H{A) on the cone X+(7i) is called the 
quantum entropy while the function {xi} i-^ H{{xi}) = 'YliVi^i) ~ V (Sj^i) 
on the positive cone of the space /i, coinciding with the Shannon entropy on 
the set ^+00 of probability distributions, is called the classical entropy. 

The von Neumann entropy has the important property expressed in the 
following inequality 

(n \ n n 

J2X^P^] <J2^^H{p,) + J2v{>^^), (l) 
i=l J i=l 1=1 

valid for arbitrary set {pi}"^^^ of states and probability distribution {Aj}[L^, 
where n < +00 (proposition 6.2 in [16j and the simple approximation). 

The definition and inequality ([1]) with n = 2 imply the following proper- 
ties of the quantum entropy 

H{XA) = XH{A), (2) 

H{A) + H{B -A)< H{B) < H{A) + H{B - A) + TiBh2 

where A,B e%+{H), A< B, X>0 and h2{x) = r]{x) + 7/(1 - x). 
Note that 

S{A) -Y,n,S{A,) = J2^,H{Ai\\A) (4) 

i i 

for arbitrary ensemble {vrj,^^} of operators in X+(7i) with the average A, 
where if(-||-) is the (extended) relative entropy defined for arbitrary operators 
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A and B in T+(7i) as follows (cf. j 

H{A \\B) = {A\ogA- A\ogB + B - A) 

i 

where {\i)} is the orthonormal basis of eigenvectors of A and it is assumed 
that H{A \\B) = +00 if suppA is not contained in suppS. It is easy to verify 
that 

H{\A\\\B) = \H{A\\B), A>0. (5) 
For given natural k consider the function 

HkiA)= sup '^TTiHiAi) 

on the set T+(7i) (the supremum is over all decompositions of the operator 
A into countable convex combination of operators of rank < k). By using ([2]) 
it is easy to see that the restriction of the above function Hf^ to the set 
coincides with the fc-approximator of the von Neumann entropy defined in 
the first part of this section (so, we use the same notation) and that 

HkiXA) = XHk{A), A G 1+{n), A > 0. 

Thus we have 

HkiA) = \\A\UH^,i\\A\\^'A)<\\A\U\ogk, Ae%+{n). (6) 

The contribution of the strong stability property of the set &(H) to the 
below results is based on the following observation. 

Lemma 7. For arbitrary natural k the function A Hk{A) is continuous 
on the cone X+(7i). 

Proof. By means of the assertion of the lemma follows from corollary 
[T] showing continuity of the function p 1— >• H^ip) SiH). □ 

For given natural k consider the function 

AkiA)= inf y2n,H{A,\\A) (7) 

on the set T+(?i) (the infimum is over all decompositions of the operator A 
into countable convex combination of operators of rank < k). 
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It follows from that 



Afc(AA) = AAfc(A), A E %+in), A > 0. (8) 

By lemma [S] below the restriction of the function defined in ([7]) to the 
set coincides with the function A^ = H — Hk defined in the first part 

of this section (so, we use the same notation). 

We will use the following properties of the function Afc. 

Lemma 8. For each natural k the following assertions hold: 

A) For an arbitrary operator A G T_|_(7Y) the infimum in definition ^ of 
the value Ak{A) can be taken over the subset of consisting 
of ensembles {vTj, Aj} such that TtA^ = TtA for all i and hence 

A,{A) = H{A)-Hk{A). 

B) The function X+(?i) 3 A Ajt(A) is nonnegative lower semicontinuous 
unitary invariant and homogenous in the sense of A^"'^(0) = T^(7i). 
Continuity of this function on a subset A C T_|.(7i) means continuity of 
the quantum entropy on the subset A. 

C) The function A h-^ Ajt(A) is monotone with respect to the operator order: 

A<B Ak{A) < Ak{B), VA, B G 1+{n). 

D) Let {Xi(A)} be the sequence of the eigenvalues of the operator A G 'r+(H) 
arranged in nonincreasing orde^ then 

+ 00 

A,{A) < A,{A) = i/({Af (A)}) = 5^r/(Af (A)) - v{\\A\\,) , 

i=l 

where the sequence {Af (A)} is the k-order coarse-graining of the sequence 
{XiiA)}, t.i. \1{A) = \i-i)k+M) + ... + \u{A) for all ^ = 1, 2, ... 

^^It is possible to take the sequence {Ai(^)} in arbitrary order but the corresponding 
sequence {Af (A)} is most close to the sequence (|| 0, 0, ...) having zero entropy provided 
that the nonincreasing order is used. The relation between Afc(A) and Afc(A) is considered 
in remark [3] below. 
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E) For arbitrary operators A in and C in *B(7Y) the following in- 
equality holds 

^k{CAC*) < \\C\\'A,{A). 

F) For an arbitrary operator A in T+(7i) and an arbitrary sequence {Pn} 
of projectors in QS(?i) strongly converging to the identity operator I-h the 
following relation holds 

lim AkiPnAPn) ^ Ak{A). 

n— >+oo 

G) For an arbitrary operator A in and an arbitrary family {Pi}^i 
of mutually orthogonal projectors in Q5(7i) (m < +00) the following 
inequality holds 

m 

Ak{A)>Y,Ak{P,AP,). 
1=1 

H) For an arbitrary operator A in T+(7i) and an arbitrary quantum oper- 
ation $ : 'X(7Y) '^i'H) having the Kraus representation consisting of 
< n summands the following inequality holds 

AnkiHA)) < AkiA). 

I) For an arbitrary finite set {Ai}^^ of operators in %^{T-C) and corre- 
sponding set {fcij^i of natural numbers the following inequality holds 



j=i / i=i 



J) For an arbitrary countable set {Ai}fJ^ of operators mT+(H), probability 
distribution {Aj}^ and natural m the following inequality holds 



+00 / / +00 \ +00 



Amk ^^^^ - ^i'^k(Ai) +j2^iH \Ai\\ij2^i] ^^^^ 



J=l / i=l 



< J2 AiAfe(A) + sup II Alll^^" {{K}i>m) ■ 



■ , i>m 
1=1 — 
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Proof. A) For arbitrary ensemble {TTi,Ai} in P|^|(T^(7i)) one can 
consider ensemble {Xi, Bi} in 'P^^y{l'^{'H)) , where Aj = 7rj|| and 
Bi = Ai\\A\\i\\Ai\\^^ , such that 

i i 

- (^vi\\Ah)-J2^.v{\\A\\i?j <^7r,if(A,P), 

where the last inequality follows from concavity of the function 77, since 
Ei^MiWi = WMi- By © and © this implies A^iA) = H{A) - Hk{A). 

B) Lemma [7] and assertion A imply the first and the third parts of this 
assertion. To prove the second one note that the inclusion 1^(7^) C A^^(O) 
follows from the definition of the function Ajt while the converse inclusion is 
easily derived from the imphcation p G G(7Y) \ Qki'H) =^ H{p) > Hk{p), 
which follows from strict concavity of the von Neumann entropy and the 
last assertion of proposition [2l implying attainability of the supremum in the 
second (continuous) expression in the definition of the function Hk{p). 

C) li A < B then there exists contraction C such that A = CBC*. 
Indeed, on the subspace suppi? this contraction is constructed as the con- 
tinuous extension to this subspace of the linear operator A^^'^B~^^'^ defined 
on the linear hull of the eigenvectors of the operator B corresponding to the 
positive eigenvalues while on the subspace H, supp-B it acts as the zero 
operator. Hence this assertion follows from assertion H proved below. 

D) Let {Pi}i be the sequence of spectral projectors of the operator A such 
that the projector corresponds to the eigenvalues \i-i)k+i{.A) , Xik{A). 
Then \^{A) = TiPj^A for all i and the ensemble {nf , {nf)^^Pl'A}, where 
vrf = Af(A)||A||^\ belongs to the set Hence 

MA) <J27rfH{{n'^r'PtA\\A) = H{{X^{A)}). 

i 

E) By means of (IHD this follows from assertion H proved below. 

F) By lower semicontinuity of the function (assertion B) this follows 
from assertion E. 

G) It is sufficient to prove that 

Ak{A) > AkiPAP) + AkiPAP), 
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where P = I-}^ — P, for arbitrary projector P. This inequahty is easily proved 
by using the definition of the function A^, and the inequahty 

H{A\\B) > H{PAP\\PBP) + H{PAP\\PBP) 

vahd for arbitrary operators A and B in (lemma 3 in [H]). 

H) This follows from monotonicity of the relative entropy since for an 
arbitrary ensemble {vTj, Aj} in the ensemble {ni.^^Ai)} lies in 

I) By means of ([8]) it is sufficient to show that 

^k'+AlA + (1 - 7)5) < 7A,.(A) + (1 - 7)A,.(fi) (9) 

for arbitrary operators A and B in T+(7i) and 7 G [0, 1]. For given k' and 
A;" let {TTi,Ai}i and {Aj,-Bj}j be ensembles of operators of rank < k' with 
the average A and of rank < k" with the average B correspondingly. Then 
the ensemble {niXj^^Ai + (1 — ■y)Bj}ij has the average jA + (1 — 7)-B and 
consists of operators of rank < k' + k" . By joint convexity of the relative 
entropy we have 

^k'-,k"{lA + (1 - 7)5) < ^A,if(7A, + (1 - i)B^hA + (1 - 7)5) 

< 7E^^^(^^ii^) + (1 -7) E^^-^(^^n^)' 

i 3 

which implies inequality ([9]). 

J) The first inequality with m = 1 is easily derived from the definition of 
the function by using Donald's identity 

Y,T^,H{A,\\B) = Y,^,H{A,\\A) + H{A\\B) 

i i 

valid for arbitrary ensemble {iTi^Ai] of positive trace-class operators with 
the average A and arbitrary trace-class operator B [TB]. The case m > 1 
is reduced to the case m = 1 by applying assertion I (with ([H])) to the sum 
Y^T=i A'i, where A'^ = XiAi for i = 1, m - 1 and = J2t^ ^i^-i- 
The second inequality follows from the estimation 

J2'^^H{A,\\A) < snp\\A,\\,H {{TTi}) 

i 
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valid for arbitrary ensemble {vTj, Ai} of trace-class operators with the average 
A, which can be proved by using monotonicity of the relative entropy: 

i i i 

where c = sup^ \\Ai\\i, $(■) = c^^ " Pi = and p = Y.i'^iPi- ^ 

Remark 3. It is easy to show that the upper bound ^k{A) in assertion 
D of lemma [8] obtained by using the spectral decomposition of the operator 
A tends to zero if H{A) < +00, which provides the additional proof of 
convergence of the sequence {H]S\ to the function H on the cone X+(7i). 
Noncoincidence of the functions A^, and A^, t.i. existence of such operator 
A in %^{7i) that Ak{A) < Ak{A), can be shown by the following example. 

Let p he the chaotic state in a particular 3-D subspace Hq C H. It is 
clear that A2(p) = log3 - § log2 ^ 0.64 (we use the natural logarithm). 

In the subspace Hq consider four unit vectors 
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■ -1/2 ■ 




■ -1/2 ■ 







kl) = 





, 1^2) = 




, IV's) = 


-VS/2 
























1 



By direct calculation of eigenvalues one can show that the two rank states 
Pi = l\Vi){^i\ + ^\^2){^2\ and p2 = ||</93)(<y93|-h||v24)(v54| have the entropies 
H{pi) ^ 0.57 and H{p2) ~ 0.67. Since |pi -|- |p2 = p we can conclude that 

H2{p) > lH{p,) + lH{p2) ^ 0.63. Thus A2(p) = H{p) - H2{p) < Mp)- □ 

The following notion plays the central role in this paper. 

Definition 1. A subset A of Ti+iTi) has the uniform approximation prop- 
erty (briefly the UA-property) if 

lim sup Afc(A) = 0. 

Importance of the UA-property is justified by its close relation to conti- 
nuity of the quantum entropy considered in theorem [2] in the next subsection. 
Usefulness of this relation is based on the following observation, showing the 
conservation of the UA-property under different set-operations. 
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Proposition 4. Let A be a subset of %^{1-C) having the UA-property. 

A) The UA-property holds for the closure cl{A) of the set A. 

B) For each A > the UA-property holds for the set 

Mx{A) = {\A\A e A}. 

C) // inf^g^ ll^lli > then the UA-property holds for the set 

E{A) = {XA\Ae A,x>o}n %i{n). 

D) For each natural m the UA-property holds for the set 



CO^(^) = <^ ^TliAi 



i=l 



Ui} e {Ai} CA}. 



If the set A is bounded then the UA-property holds for the set 



co*p(^) = S ^ T^i.Ai 



i=l 



{iii} e {Ai} c A 



where ^ is a subset of ^+oo such that lim sup H{{TTi}iym) = 0. 

E) The UA-property holds for the sets 

D{A) = {B e %+{n) \3AeA:B<A} 

and 

D{A) = {B e %+{n) \3AeA:B<A}, 

where B<A means that the sequence {Xi{B)} of eigenvalues of the opera- 
tor B is majorized by the sequence {Xi{A)} of eigenvalues of the operator 
A in the sense Xi{B) < Xi{A) for all i; 

If the set A is compact and does not contain the null operator then the 
UA-property holds for the set 

D{A) = {B e %i{n) \3AeA: B\\B\\^^ -< A\\A\\^^} 

where p -< a means that the state a is more chaotic than the state p in 
the Uhlmann sense JT\ l3^ . t.i. for the sequences {Aj(p)} and {Xi{a)} 
of eigenvalues of the states p and a arranged in nonicreasing order the 
inequality ^17=1 ^iip) — Y17=i ^ii'^) holds for each natural n. 
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F) The UA-property holds for the seW^ 

Qn{A) = mA)\^edliin),AeA}, n G N, 

and 

Q^iA) = mA) \<^ed,AeA}, 

where ^ is a subset of 5^<i(7i) such that for the corresponding set 5J of se- 
quences {Vj}^^ of Kraus operators the following two conditions 

1) either RanV^* ± Ran\^* for all {Vj}^^ G 23 and all j ^ j' exceeding 
some natural n or \imm-*+ocSup^v,}e^,A(^AJ2j>mH i^jAV*) = 0; 

2) 

lim sup H {{TTV,AV;},>m) = 0. 

Remark 4. In connection with assertion D one can note that the 
UA-property of a set A does not imply the UA-property its a-convex hull 
cr-co(^) = {^t^ 'n'iAi I {ttj} G ^+oo, {Ai} C A} even if the set A is com- 
pact. As an example one can consider the converging sequence of pure states 
from the example in section 5.1 in [26], such that the von Neumann entropy is 
not continuous on the a-convex hull of this sequence (since the UA-property 
implies continuity of the entropy by lemma [7]). 

Note that the condition limm^+oo sup{^jg(p//({7ri}.j>m) = means conti- 
nuity of the classical entropy on the set ^ provided that this set is compact. 

Proof of proposition [4l A) This follows from lower semicontinuity of 
the function on the set X+(7i) for each k (lemma [8|3). 

B) This is an obvious corollary of 

C) This also follows from since 

-1 



sup {X\B = XA,Ae A} < inf 



BeE{A) 



AeA 



D) The first part follows from lemma [U and ([H]) implying 

/ m \ m 

Afc^ [Y.'^iAi < 5^7r,Afc(Ai), V{7r,}^i G 



, i=l / i=l 



^^^KiCH) is the set of all quantum operations having the Kraus representation consisting 
oi < n summands (see section 2). 

^^The ways to show validity of these conditions are considered in corollary [9] below. 
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The second part follows from lemma ElJ since for arbitrary k and m it 
implies 



+00 



i=l / i=l 



>m ) 

i>m 



< sup Afc(A) + sup \\A\\^H {{7r,}i>m) , V{A,}+7 C A, V{7r,}+^ e ^+00- 
AgA AeA 

E) The first part follows from lemma ED and unitary invariance of the 
function A^. 

The second part follows from lemma [Hp and lemma [9] below since 
B\\B\\^' -< A\\A\\i' ^ H{{X'^{B)}) < \\BUA\\^'H{{X'^{A)}) 

for each natural k by Shur concavity of the von Neumann entropy [32\ . 

F) The first part follows from lemma [HH- 

To prove the second part note that lemma [HlJ implies the inequality 

(+00 \ +00 

J2 ^.-^^Z ^ E MV.AV*) + H {{TrV.AV;},^,^) 
j=i / j=i 

Thus it is sufficient to show that condition 1) implies 

+00 

lim sup AkiVjAV*) =0. (10) 

If the first alternative in condition 1) holds then assertions E and G of 
lemma [8] provide the estimation 

+00 n 

J2MVjAv;) = J2Mv,av;) + J2MVjAv*) 

j=l j=l j>n 

< nAk{A) + Y,^k{PjAP,) <{n + 1)A,(A), \/ {V,} G 5J, 

j>n 

where Pj is the projector on the subspace RanV^*, which implies ffTOl) by the 
UA-property of the set A. 
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If the second alternative in condition 1) holds then the similar estimation, 
in which the term Y,j>n^k{VjAV*) is majorized by Y,j>nH(^j^^j*) ^^^^ 
implies ffTOl) by the UA-property of the set A. □ 

Lemma 9. Let A be a compact subset of T+(7^) having the UA-prop- 
erty. Then limfc^+oo sup^g^ Ajfc(y4) = 0, where Ak is the upper bound for the 
function defined in lemma\Bp. 

Proof. By lemma [7] the UA-property of the set A implies continuity of 
the function A H{A) on this set. 

Let {Pi}i be the sequence of spectral projectors of the operator A defined 
in the proof of assertion D of lemma [H] and vrf = || A||]"^TrP-'^A for all i. 
By lemma 4 in [13] the sequence of continuous functions A i— > H{P^A) 
monotonously converges to the function A \—>- H{A) a.s k +oo. By Dini's 
lemma this sequence converges uniformly on the set A. This implies the 
assertion of the lemma since 

A,{A) = J2^^H{{n^)-'PtA\\A)<H{A)-H{P,'A), A e A D. 

i 

By definition the UA-property of sets A and B implies the UA-property 
of their union AuB. By lemma 61 and proposition HP we have the following 
observations. 

Corollary 3. Let A and B be subsets of X+(7Y) having the UA-property. 

A) The UA-property holds for the se^AmB = {A + B \ A e A, B e B] ; 

B) The UA-property holds for the convex closure qo{A U B) of the union 
of A and B provided these sets are convex. 

5.2 The continuity conditions 

Lemmas [7] and [HI Dini's lemma and proposition H] imply the following theo- 
rem, containing the main results of this paper. 

Theorem 2. A) If a set A C T_|_(7^) has the UA-property then the quan- 
tum entropy is continuous on this set. 

B) // the quantum entropy is continuous on a compact set A C T+(7^) 
then this set has the UA-property. 

^^This set is called the Minkowski sum of the sets A and B; 
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C) // a set A C T_|_(7i) has the UA-property then the quantum entropy 
is continuous on the set A(^), where A is an arbitrary finite composition 
of the set- operations cl, M\, E, cOm, cO(p, D, D, D, Qn, considered in 
proposition^ with arbitrary parameters m,n and A > provided the sets 

^ and the arguments of E, cosp, D, satisfy the conditions mentioned 
in this proposition. 

Remark 5. As the simplest example showing importance of the com- 
pactness condition in the second assertion of theorem [2] one can consider the 
set ^ = {Ap I A G ffi+}, where p is an infinite rank state with finite entropy. 

The following example shows that the second assertion of theorem [2] can 
not be valid even for relatively compact convex sets of states. 

Let {pi}i>o be a sequence of finite rank states in QiH) such that po is 
a pure state, H{pi) > 1 for all i > 0, suppp„ C H Q {^"Iq supppj) and 
Y^+^e-mp.) < +00 for all A > 0. Let A^ = {H{pi))-^ for each i G N. 
Consider the sequence of states 

cTj = (1 - Aj)po + AiPi, i G N, 

obviously converging to the state po. 

In Appendix 7.2 it is proved that the von Neumann entropy is continuous 
on the convex set A = cr-co ({cTjjjgN) = {X^S^j^j I {^«} ^ *P+oo}; but it is 
not continuous on the set c\{A) = c6 {{ai}i^n) = {po}- By the first 
assertion of theorem [2] and proposition HJA the UA-property does not hold 
for the set A. □ 

Show first that theorem [2] makes possible to re-derive the continuity con- 
ditions mentioned in the Introduction in the generalized forms. 

Example 1. Let {hi} be a nondecreasing sequence of nonnegative num- 
bers and ^{hi},h be the subset of ^+oo consisting of probability distribu- 
tions {vTj} satisfying the inequality /ijVTj < h. By lemma [TT] in the Ap- 
pendix the set ^{hi},h satisfies the condition in proposition HP if and only 
if g ({hi}) = inf {A > I e-^''^ < +00} = 0. By theorem W the von 
Neumann entropy is continuous on the set cl(cO(p^^ j ^((3^(7^))) for each k. 
This observation provides the another proo{l^ of the well known result stated 
that the entropy is continuous on the set }CH,h = {p ^ ^(J^) I T^Hp < h}, 
where H is an ^-operator such that g{H) = inf |A > | Tre^'^-'^ < +00} = 0, 

-"^^The original proof of this results is based on lower semicontinuity of the function 
H{p\\ax), where ax {Tie-^")-^e-^" , for all A > HSl EI] . 
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since by using the extremal properties of eigenvalues of a positive operator 
it is easy to see that the set cl(co«pj^ ^ ^{&i(TC))), where {hi} is the sequence 
of eigenvalues of the operator H, contains the set ICn.h (and all its unitary 
translations). 

The von Neumann entropy is not continuous on the set cl(coq3^^ j ^(6i(7Y)) 
if g {{hi}) > since it is not continuous on the set }CH,h if g(-f^) > [SB]. □ 

Theorem [2] implies the following generalization of Simon's dominated con- 
vergence theorems |28j . 

Corollary 4. (generalized Simon's convergence theorem)!^ // the 

quantum entropy is continuous on a compact subset A of T+(7i) then it is 
continuous on the sets D{A) and D{A) defined in the first part of assertion 
E of proposition^ 

This condition and corollary [3] show that 

{H{An + ^ H{Aq + fio)} ^ {^(^n) ^ H{A^)} A {H{Bn) ^ H{B^)} , 

where {An} and {B^} are sequences of positive trace class operators con- 
verging respectively to operators Aq and Bq. 

The above "dominated-type" continuity conditions can be enriched by 
the following one. 

Corollary 5. // the quantum entropy is continuous on a compact subset 
A of %+{l-C), which does not contain the null operator, then it is continuous 
on the set -0(^4) defined in the second part of assertion E of proposition^ 

By Corollary [5] and theorem 13 in [32] to prove continuity of the von 
Neumann entropy on a set .4 C QiTi) it suffice to show its continuity on the 
image of this set under the expectation p Ylii PipPi ^oi a particular set 
{Pi} of mutually orthogonal projectors such that — ^H- 

Corollary [5] and the infinite-dimensional generalization of Nielsen's theo- 
rem provide the following observation concerning the notion of entanglement 

^°In the original versions of these theorems the weaker topologies are used. Since the set 
D(A) is compact (by the compactness criterion in proposition[5]in the Appendix), the weak 
operator topology on this set coincides with the trace norm topology. The ^-convergence 
topology does not coincide with the trace norm topology on the set D{A), but by noting 
that the sequences of eigenvalues of the operators in D{A) form a compact subset of the 
space li it is easy to see that /^-convergence of a sequence {An} C D{A) to an operator 
Aq G D{A) means trace norm convergence of the sequence {UnAnU*} C D{A) to the 
operator Aq for some set {[/„} of unitaries. 
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of a state of a composite quantum system. 

Example 2. Let Ti and /C be separable Hilbert spaces. The entanglement 
E{ijj) of a pure state in (3(H ® /C) is defined as the von Neumann entropy 
of its reduced states (cf.[2]): 

E{uj) = H{TT,cio) = H{TTnuj). 

Let £^(H, /C) be the set of all LOCC-operations transforming the set (3(7-^®/C) 
into itself. Corollary [5] and lemma 2 in [isj^ imply the following assertion: 
If the function u ^ E{uj) is continuous on a compact set C C extr6(H®/C) 
then it is continuous on the set 

{A{uj) I G C, A e il{n, /C)} n extr6(7^ ® /C). 

This shows that for arbitrary sequence {ujn} of pure states in &(TC ® /C) 
converging to a state uq and arbitrary set {A„}„>o of LOCC-operations such 
that the sequence {An{ujn)} consists of pure states and converges to the state 
Ao(co'o) the following implication holds: 

lim E{uJn) = E{uJo) lim ^(A„K)) = ^(AqK))- □ 

n— >+oo n^+oo 

By corollary [TD] in the Appendix for arbitrary closed set A C T+(7^) 
(not necessarily compact) and arbitrary natural m the set cOm{-A) defined 
in assertion D of proposition H] is closed. Theorem [2] implies the following 
result. 

Corollary 6. A) // the quantum entropy is continuous and bounded on 
a closed bounded set A C T+(7^) then it is continuous on the set cOm{A) for 
arbitrary natural m. 

B) // the quantum entropy is continuous on a compact set A C 
then it is continuous on the set cl(cO(p(^)) for arbitrary subset ^ of ^+oo 
such that lim sup -ff({vrj}j>m) = 0. 

By remark H] the set cl(co<p(^)) in the second assertion of this corollary 
can not be replaced by the cr-convex hull cr-co(^) of the set A. 

^^In [18j the majorization order is used, which is converse to the Uhhuann order " -< " 
used in this paper. 
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Proof. A) Let {A^} C cOm{A) be a sequence converging to an operator 
Aq g cOmiA). Suppose 

lim H{A„) > H{Ao). (11) 

n— >+oo 

By the construction of the set cOm,{A.) for each n there exists an ensemble 
{vrf , v4"}^i of operators in A such that An = Yl'iLi K^^- By proposition O 
in the Appendix we may consider (by replacing the sequence {An} by some 
its subsequence) that there exist lim„^+oo vr" = vrf and lim„^+oo A^ = for 
each i = l,p, p < m, lim„^+oo ZlLi K = ^ = ZlLi 

For each > let A'^ = J2^=i '^i'A^ is an operator in cOp(^), where 
A„ = Y7i=i ^j"- Since the sequence {A„} tends to 1 and the set A is bounded, 
the sequence {A'^} converges to the operator Aq. By theorem [2]B continuity 
of the entropy on the compact set 

p 

A = U {Ar}„>o c A 

i=l 

means the UA-property of this set. Hence theorem [2]C implies continuity of 
the entropy on the set cOp(^*) containing the sequence {^4^} and its limit 
Aq. Hence 

lim H{A'^) = H{Ao). (12) 

n— >+oo 

If A„ = 1 then An = A'^. If A„ < 1 then An = XnK. + (1 - A„)A^, where 
A'^ = {1 — Xn)~^{An — XnA'n) is an operator in com(^), and hence by using 
inequality ([1]) we obtain 

H{An) < XnH{A'J + (1 - Xn)H{A':,) + WAnWM^n), Vn > 0. 

This shows that (fT2l) implies lim„^_|_oo H{An) = H{Aq) contradicting to (fTTI) 
since boundedness of the entropy on the set A implies boundedness of the 
entropy on the set cOm(^) by inequality ([T]). 
B) This directly follows from theorem [2l □ 

If ^ is a union of m < +oo closed convex sets then corollary [10] in 
the Appendix implies cOmiA) = co(v4), so we obtain from corollary [6] the 
following result. 

Corollary 7. // the quantum entropy is continuous on each set from a 
finite collection {Ai}^i of convex closed bounded subsets of %^(H) then it 
is continuous on the convex closure co (IJi^Li Ai) of this collection. 
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Remark 6. The condition of closedness of the all sets from the collection 
{•^ili^i ill corollary [7| is essential. The simple example showing this can be 
constructed as follows. Let Ai = {po} and A2 = a-co ({cTjjjgN), where the 
state Po and the sequence {cTijigN are taken from the example in remark [51 
As shown in this example the entropy is continuous on the convex bounded 
sets Ai and A2 but it is not continuous on the convex set AiU A2- □ 

Theorem [2] also implies the following continuity condition. 

Corollary 8. Let {Ai}'^^i be a finite collection of subsets of T+(H) 
having the UA-property (for example, compact subsets on which the quantum 
entropy is continuous). Then for arbitrary natural m the quantum entropy 
is continuous on the set 

(f n m 
I i=i j=i 

The following observation can be used in study of quantum channels and 
in the theory of quantum measurements (see example [3] below) . 

Corollary 9. Let 2J=i be the set of all sequences {Vi}f^ C ®(7i) such 
that ^^^V*Vi = Iji endowed with the Cartesian product of the strong* 
operator topology (the topology of coordinate-wise strong* operator conver- 
gence)^^ Let A be a subset of %-^-(T-C) on which the quantum entropy is 
continuous. 

1) The function i{Vi},A) Y.t^ H (V^AV*) is continuous on 5J=i x A. 

2) // QJq is a subset of 5J=i such that the function 

(ra,A)^i7({TrW;}tT) (13) 

is continuous on A then the function ({Vi}, A) H ViAV*) 
is continuous on 5Jo x A. 

Proof. We can consider that the sets A and 2Jo are compact. 
1) Corollary E shows t hat the function F^{{{Vi},A)) = H{C^ACm), 
where Cm = VTZT^i and m G N, is continuous on QJ=i x A. Since 



^^The strong* operator topology on *B(7i) is defined by the family of seminorms 
A I— > + ||^*|</5)||, If) € H [3]. By using more complicated analysis it is possi- 

ble to replace this topology here by the strong operator topology. 
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Cm — ^'^^ sequence {F^} is nondecreasing. By using theorem 

1 in [GJ^I and corollary [S] we conclude that \imm-^+oo Fmii{Vi} , A)) = H{A). 
By the Groenevold-Lindblad-Ozawa inequality (see [17]) we have 

J2 Hmvn < H{A) - F^iiV,}, A)). 

Hence continuity of the function A H{A) and Dini's lemma show that 
limm^+oo sup{y.|g5j^^^g_4 ^^^^ if(ViAV^*) = for arbitrary compact subset 
Q3c of 5J=i. This and continuity of the function {{Vi}, A) ^ J2T=i H (ViAV*) 
for each m (provided by corollary [8]) imply the first assertion of the corollary. 

2) By the above observation the second alternative in condition 1) in 
proposition HP holds for the sets QJq and A. Since condition 2) in this 
proposition follows from continuity of function f|T3|) by Dini's lemma, the 
set {Y^t^ViAV* I {Vi} e^o,AeA} has the UA-property. By theorem [2] 
this implies the second assertion of the corollary. □ 

Example 3. Let OJtm('H) be the set of all quantum measurements with 
m < +00 outcomes on the quantum system associated with the Hilbert space 
H. Each measurement M. G DJlmiTi-) is described by a set {V^}^]^ of operators 
in ?B(7i) such that ^^j^ V*Vi = I-j-i and its action on arbitrary a priori state 
p G QiTi.) results in the posteriori ensemble {'n'iiAi-^, Pi{A4, p)}^i, where 
Pi{A4., p) = {TiVipV*)~^VipV* is the posteriori statCJ corresponding to i-ih. 
outcome and 7rj(A1,p) = TiVipV* is the probability of this outcome |Tl]. 
The mean posteriori state p{^A,p) = ^"li 7rj(A^, p)pj(A^, p) = XlHi ^P^* 
corresponds to the nonselective measurement. 

We will consider that a sequence {Ain} C dyimiTi-) converges to a mea- 
surement A^o G ^MmiTi-) if lini„^+oo V^" = for all i = l,m in the strong* 
operator topology, where {V^"}^^ is the set of operators describing the mea- 
surement Ain- 

Let ^ be a subset of ©(H) on which the von Neumann entropy is con- 
tinuous. Corollaries [8] and [9] imply the following assertions: 

• the von Neumann entropy of posteriory state H{pi{A4, p)) is continuous 
on the subset of DJlmCH) x A, on which pi{J^, p) is defined, i = 1, m ; 

^•^By this theorem to prove convergence of a sequence {An} C 1+{'H) to an operator 
Aq (z T+(7i) it is sufficient to show that hm„ TvAn — TtAq and hni„ An — Aq in the weak 
operator topology. 

^Hi TrVipV* = then the posteriori state pi{^A^ p) is not defined. 
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• the mean entropy of posteriory states '^^^TTi{A4, p)H{pi{J\4, p)) is 
continuous on ^Mm{'H) x A; 

• if 971 is a subset of TlmiTi-) such that the Shannon entropy of the 
outcomes probabihty distribution H {{ni{A4, p)}^-^) is continuous on 
dJt X A then the von Neumann entropy of the mean posteriori state 
H {p{Ai, p)) is continuous on Tl x A. 

If m < +00 then the function H {p{Ai, p)) is continuous on TlmCH) x A □ 

Remark 7. The continuity conditions considered in this subsection are 
formulated for subsets of T+(7i). They can be reformulated for subsets of 
6(7Y) by using the following obvious observation: If the quantum entropy is 
continuous on a subset A of T+(7^) such that inf^G^ ll^lli > then the von 
Neumann entropy is continuous on the subset \^A\\A\\^^ \ A E A] of &{H). 

6 Conclusion 

The method of proving continuity of the von Neumann entropy proposed 
in this paper is essentially based on the strong stability property (stated 
in theorem [T]) and on the /i-compactness (stated in proposition 2 in p[2] ) 
of the set of quantum states, revealing the special relations between the 
topology and the convex structure of this set. Of course, it does not mean 
that validity of the continuity conditions obtained by this method depends 
on validity of these abstract properties and that these conditions can not be 
proved by other methods. For example, the assertion of corollary [7] for sets 
of quantum states can be shown by noting that continuity of the entropy on 
any closed convex set of states implies compactness of this set (this follows 
from lemma 2 in [27] and corollary 5 in [26]) and by applying spectral finite 
dimensional approximation based on using inequality ([1]) and Dini's lemma, 
but the proposed method provides a more simple and in a sense natural way 
of doing this. 

The special approximation of concave lower semicontinuous functions con- 
sidered in this paper, in particular, the approximation of the von Neumann 
entropy used in proving its continuity seems to be interesting for other ap- 
plications. 
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7 Appendix 



7.1 One property of the positive cone 
of trace-class operators 

The positive cone %+(H) has the following important property. 

Proposition 5. Let {{vr", ^"jj^iln be a sequence of ensembles consist- 
ing of m < +00 operators in T+(7i) such that the sequence {^^i 7rfA"}„ 
of their averages converges to an operator Aq. There exists subsequence 
{{Trf", converging to a particular ensembl^ {7r°,y4°}^]^ with the 

average Aq in the following sense 

lim 7rf* = 7r° and vr° > =^ lim A^'' = i = l,m. 

fc— >+oo fc— >+oo 



Proof. Since the set of atomic measures with bounded number of atoms 
is weakly closed, it is sufficient to prove that the sequence {{tt", 
considered as a sequence of measures in V(%+(H)) is relatively compact. By 
Prokhorov theorem (see [20]) this means that this sequence is tight, t.i. for 
arbitrary e > there exists compact subset Ce of 1+(H) such that 

sup [ Yl I < ^- (14) 

Let An = Yl^i n > 0. Since the set {An}n>o is compact, 

lemma [TU] below implies existence of strictly positive i^-operator H such that 
sup„ TiHAn = Cq < +00. Hence for each n and arbitrary c > we have 

m 

^ E E vrrMAr<5^7rrMAr = MA„<co, 

i:TvHAf>c i:TrHA'l>c i=l 

which implies sup„ ^Z]j:TrHyi">c ^j") — c~^Co. By choosing c > e~^Co for 
given e > we obtain with the set = {A E 1+{n) \ TiHA < c}, 
which is compact by lemma [TU] below. □ 



^We do not assert that A° ^ A" for all i ^ j. 
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Corollary 10. For arbitrary closed subset A of T+(7i) and arbitrary 
natural m the set cOm{A) = {J21Li '^lAi K^Ti} G {A} C A} is closed. 

Lemma 10. A closed subset A of %^iTi.) is compact if and only if there 
exists strictly positive Sj-operato^ H in Ti. such that sup^g^TrifA < +00. 

Proof. If the set A is compact then it is bounded. Hence we may assume 
that A C %i(H). By using the compactness criterion for subsets of Ti(H) 
(proposition [6] below) one can construct an increasing sequence {Pn}n>i of 
finite rank projectors in 7i strongly converging to the identity operator 
such that Tr(/-^ — P„)y4 < n^^ for all A E A. The strictly positive i^-operator 
H = Pi + ^n=i ^{P'n+i — Pn) has the desired property. 

It is easy to see that existence of strictly positive ^-operator H such 
that sup^g^ It HA < +00 implies boundedness of the set A. Hence we may 
assume that A C Ti(7Y). Thus compactness of the set A can be proved by 
using the compactness criterion for subsets of Ti(?i) mentioned before and 
the following inequality 

/i„Tr(/^^ - Pn)A < TtHA, AeA, n G N, 

where hn is the n-th eigenvalue of the ^-operator H (in the nondecreasing 
order) and P„ is the spectral projector of this operator corresponding to the 
eigenvalues hi,...,hn- □ 

The following compactness criterion for subsets of Xi(7i) can be derived 
from the compactness criterion for subsets of 6(7i), presented in |12, the 
Appendix] (by considering the set {A + {1 — TyA)pq \ A G A} C 6(7i) for a 
given set A C liiH), where po is a fixed pure state). 

Proposition 6. A closed subset A of Ti(?i) is compact if and only if 
for arbitrary e > there exists a finite rank projector in *B(7i) such that 
Tt{In - Pe)A < e for all AeA. 



7.2 The proofs of the auxiUary results 

The proof of Lemma [2l It is easy to see that lower semicontinuity and 
lower boundedness of the function / imply lower semicontinuity of the func- 
tional 

V{A) 3fi^ F{fi) = [ f{a)p{da). (15) 

J A 



^^see definition in section 2. 



36 



A) Convexity of the function /_4 follows from its definition. By lower 
semi continuity of the functional (IT^ and compactness of the set V{p}{A) 
(provided by /^-compactness of the set (5(7i)) the infimum in the definition 
of the value JaIp) for each p in co(^) is achieved at a particular measure in 

Suppose the function is not lower semicontinuous. Then there exists 
a sequence {p„} C co(^) converging to a state po G co(^) such that 

lim hipn) < hipo)- (16) 

n— >+oo 

As proved before for each n = 1,2,... there exists measure /i„ in 'P{p„}(^) 
such that f^iPn) = F{pn)- /i-compactness of the set G(7i) implies existence 
of a subsequence {pnk\ converging to a particular measure p^. By continuity 
of the map p i— >• h{p) the measure Pq belongs to the set V{pf^}{A). Lower 
semicontinuity of functional f|T5|) implies 

fAipo) < F{po) < liminf F(/i„J = lim fAipn^), 

fe— >+oo fe— >+oo 

contradicting to (fT6!) . 

B) Concavity of the function follows from its definition. 

Suppose the function is not lower semicontinuous. Then there exists 
a sequence {pn} C co(^) converging to a state po ^ co(^) such that 

lim UPn) < Upo). (17) 

n^+oo 

For e > let p^ be such measure in P{po}("4) that fA^Po) < F{.Po) + ^- By 
openness of the map V{A) 3 p^ b(/i) there exists a subsequence {pn^} and 
a sequence {pk} C. V{A) converging to the measure p^ such that b(pfc) = p^^. 
for each k. Lower semicontinuity of functional (fT5|) implies 

/^(po) < i^(/Uo) + ^ < liminf F(pfc) + £ < lim /^(p„J + e, 

contradicting to f|T71) (since e is arbitrary). □ 

The proof of the assertion in remark [51 For arbitrary state p in 
A = (T-co({(Tj}) there exists a probability distribution {ttj} G ^+oo such that 
p = XlS^i*^*- '^'^i^ distribution is unique since P^p = HiXiPi for each z, 
where Pj is the projector on the subspace supppj. 
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The one-to-one correspondence ^+00 3 {^^i} ^ J2i "^i^i ^ is continuous 
in the both directions (t.i. it is a homeomorphism) . Indeed, continuity of the 
map " — *■ " is obvious while continuity of the map " ^ " can be proved by 
using the above set {Pi} of projectors and by noting that pointwise conver- 
gence of a sequence of probability distributions to a probability distribution 
implies its convergence in the norm of total variation. 

Thus to prove continuity of the von Neumann entropy on the set A it is 
sufficient to show continuity of the function ^+00 9 {tTj} H VTjCTj). 

By the construction of the sequence {ai} we have 

(+00 \ / / +00 \ +CXD 

+00 +00 / +00 \ +00 

i=l i=l \i=l J i=l 

(+00 \ +00 +00 

^7ri(l - Ai) j + ^7riAi(-log7ri) + 7riAi(- log A^). 
i=l J i=l i=l 

By using properties of the function x 1— » 77 (x) and lemma [11] below it 
is easy to show continuity of the all terms in the right side of the above 
expression as functions of {vr,}. 

Discontinuity of the von Neumann entropy on the set cl (A) = ^ U {po} 
follows from the inequality H{ai) > \iH{pi) = 1, i > 0, since H{pq) = 0. 

Lemma 11. Let {hj}^^ be a nondecreasing sequence of positive numbers 

such that g {{hj}) = inf |a > | e'^^^ < +oo| < +00. Then 

liin sup V vixj)hj^ = g {{hj}) , 

where Bi is the positive part of the unit ball of the Banach space li . 
Proof. We will prove first that 

+00 

A* < sup ^//(a;^)/^/^ < A* + (18) 
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where A,, is either the unique solution of the equation e -^^^ = e if it 

exists or g{{hj}) otherwise!^ 

By using the Lagrange method it is easy to show that the function 
{^j}j=i ^ X]j=i v{^j)hj^ attains its maximum on the positive part ;B" of the 
unit ball of M" at the vector {e~^"^^~^}^^i, where A„ is the unique solution 
of the equation Yl]=i = e and hence 

n n 

An < sup V r]{xj)h-^ = An + V e-^-^^-^hf <\n + K^. 

It is easy to see that the increasing sequence {An} converges to A*, so by 
noting that {xj} i-^ J2^=iVi^j)^J^ is a lower semicontinuous function and 
by passing to the limit in the above expression we obtain f|T8|) . 

The assertion of the lemma can be derived from flTHl) applied to the se- 
quence {hjj^m}^^ since if the solution of the equation Xlj^ g-A/ij+™ _ ^ 
exists for all m it tends to g {{hj}) as m — +00. □ 
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